A Poisson structure is a bivector whose Schouten bracket vanishes. We study a global Poisson structure on S 4 associated with a holomorphic Poisson structure on CP 3 . We provide a real structure and show that the space of the Poisson structures on S 4 is the real form of the space of holomorphic Poisson structures on
Introduction
A global antisymmetric 2-vector is called a bivector. The Schouten bracket of two bivectors is defined by the convolution of the covariant derivative of the one and the another, further antisymmetrization of it. The bivector is called a Poisson structure if the Schouten bracket of the bivector with itself vanishes. Since the Schouten bracket is valued in the space of antisymmetric 3-vectors, any bivector is always a Poisson structure on 2-dimensional manifolds. In general, the equation for vanishing the Schouten bracket is written as a system of partial differential equations. We can find that it is very complicated to solve the equation even on 3-dimensional manifolds. Moreover, it is much harder to solve the equation globally on the manifold. Hence, on 3-dimensional manifolds, the existence of the Poisson structure is non-trivial and the construction of it is difficult.
In the holomorphic category, we consider holomorphic bivectors and holomorphic Schouten brackets (c.f. [3] ). When the Schouten bracket vanishes, the holomorphic bivector is called a holomorphic Poisson structure. Since the Schouten bracket is also a holomorphic antisymmetric 3-vector, any holomorphic bivector is always a holomorphic Poisson structure on complex surfaces. Recently, Goto and Hitchin studied deformations of the holomorphic Poisson structures ( [2] , [4] ).
In this paper, firstly we concentrate global holomorphic Poisson structures on the 3-dimensional complex projective space CP 3 . We show that the space of holomorphic Poisson structures on CP 3 is an algebraic variety in Section 3. We also obtain some examples of holomorphic Poisson structures on CP 3 . It is known that holomorphic foliations induces holomorphic Poisson structures on CP 3 . The space of holomorphic foliations of degree 2 is completely classified and has the six irreducible components [1] . Hence 
Preliminaries
In this section, we explain the definition of Poisson structure. For much of this material, we refer to [4] . Let M be a differentiable manifold of dimension n. A global section of ∧ q T M is called an q-vector on M. We write a 2-vector θ on
We prepare a torsion free connection ∇ of M. Then the Schouten bracket is also globally defined by the following map
where ∇θ · η is the convolution of ∇θ ∈ Γ(∧ 2 T M ⊗ T * M) and η ∈ Γ(∧ 2 T M) and the last map ∧ 3 means the antisymmetrization. We call that a 2-vector θ is a Poisson structure on M if the Schouten bracket [θ, θ] Sch vanishes. The equation [θ, θ] Sch = 0 is written as a system of partial differential equations that is so hard to solve. When the manifold is a complex manifold, we extend the Schouten bracket to complex 2-vectors by C-linear. 
Then we obtain the isomorphism
where gl(4, C) is the Lie algebra of the general linear group GL(4, C) of C 4 . The action of C * on C 4 \{0} induces the vector field
which corresponds to the unit matrix E by the map (1). Then the 1-dimensional space l C is the space of holomorphic 1-vectors on C 4 \{0} which vanish by the push foreword dπ. Hence, the space of holomorphic 1-vectors on CP 3 can be identified with the quotient space
where sl(4, C) is the Lie algebra of the special linear group SL(4, C). 
which is identified with
where
As the same manner, the space of C * -invariant 3-vectors on C 4 \{0} is identified with
where S 3 C 4 is the symmetric 3-tensor space of C 4 and ∧ 3 (C 4 ) ∨ is the anti-symmetric 3-tensor space of (C 4 ) ∨ . Then, the space of push forewords of C * -invariant 3-vectors on C 4 \{0} is isomorphic to
The Schouten bracket on CP
By fixing j and l, we can regard (a ijkl ) as the matrix whose (i, k)-component is a ijkl , and denote the matrix by A jl . Then, the matrix (A jl ) is the gl(C 4 )-valued matrix with the (j, l)-component A jl . Thus, (a ijkl ) is associated with the gl(C 4 )-valued matrix (A jl ). If we take (a ijkl ), (a
∨ and denote by (A jl ) and (A ′ j ′ l ′ ) the associated matrices, respectively. Then we consider the bracket [A jl , A
Under the identification of the space of
∨ , the Schouten bracket for C * -invariant 2-vectors on C 4 \{0} can be considered as the map
for C * -invariant 2-vectors w, w ′ on C 4 \{0}. It follows from the π-relation (2) that the Schouten bracket on CP 3 is given by the map from 
The Schouten bracket on local coordinates
We start to represent a holomorphic 2-vector
We denote by ζ i the function ζ i = z i zr on U r for each i = 0, 1, 2, 3. Then the system of functions {ζ 0 , ζ 1 , ζ 2 , ζ 3 }\{ζ r } without ζ r defines the inhomogeneous coordinate on U r . We remark that ζ r = 1 on U r . The 2-vector dπ(w) is represented by
on the local coordinate U r . For simplicity, we denote by A rkl the coefficient of
We represent the Schouten bracket of dπ(w) on the local coordinates of CP 3 . For each r, we can take a triple (a, b, c) of a, b, c, ∈ {0, 1, 2, 3}\{r} with a < b < c. Then
generates the set of holomorphic 3-vectors on U r , and it is denoted by w r . Then the Schouten bracket [dπ(w), dπ(w)] Sch is written by 
on each U r . It turns out that the space of holomorphic Poisson structures on CP 3 is an algebraic variety. The space has the C * -action induced by the constant multiplication of 2-vectors. Then we obtain the following :
The quotient of the space of holomorphic Poisson structures on CP 3 by the C * -action is a projective algebraic variety.
Examples of Poisson structures on CP

3
In this section, we provide examples of Poisson structures on CP 3 . The Schouten bracket of the wedge product X ∧ Y for two 1-vectors X and Y is given by 
on C 4 \{0}. Then w 1 induces a holomorphic Poisson structure dπ(w 1 ) on CP 3 . Actually, the Schouten bracket of dπ(w 1 ) is zero by the above argument and dπ(w 1 ) is a non-zero 2-vector on CP 3 since it is represented as ζ 2
on U 0 . Hence dπ(w 1 ) is a non-trivial Poisson structure on CP 3 .
Example 3.4. We take the 2-vector
Example 3.5. We define w 3 by the 2-vector
If we take two 2-vectors X ∧ Y and
Hence the 2-vector
In general, if we take n 1-vectors X 1 , . . . , X n on CP 3 and consider the 2-vector w = i<j a ij X i ∧ X j for a constant a ij ∈ C. Then w is a Poisson structure if [X i , X j ] = 0 for i, j = 1, . . . , n since [w, w] Sch is generated by [X i , X j ] ∧ X k ∧ X l for i, j, k, l = 1, . . . , n. In the case that each 1-vector X i can be represented by dπ(u i ) of a 1-vector u i on C 4 \{0}, the 2-vector w = i<j a ij X i ∧ X j is a Poisson structure if [u i , u j ] = 0 for i, j = 1, . . . , n (c.f. Theorem 5.3 and the equation (5.10) in [2] ). Example 3.6. We define u 1 , u 2 , u 3 by the three 1-vectors
on C 4 \{0}. Then, it is easy to see that [u i , u j ] = 0 and dπ(u i ∧ u j ) = 0 for i, j = 1, 2, 3. Hence, we obtain a family of the Poisson structures
It is known that there exist rich holomorphic foliations of codimension 1 on CP 3 . Especially, holomorphic foliations of degree 2 are completely classified [1] . Such a foliation is given by a holomorphic 1-form ω on C 4 \{0}. The 1-form ω induces a 2-vector w by the correspondence
on C 4 \{0}. Then, the push foreword dπ(w) is the Poisson structure on CP 3 . Hence, we can construct many Poisson structures corresponding to holomorphic foliations on CP 3 . We remark that w is not uniquely determined by the 1-form ω since there exists an ambiguity for 2-vectors factorized by l. Example 3.7. We provide the 1-form ω by
Then we obtain the associated 2-vector
such that dπ(w) is the Poisson structure on CP 3 .
Example 3.8. When the 1-form ω ′ is given by
then the corresponding 2-vector
induces the Poisson structure dπ(w ′ ) on CP 3 .
Poisson structures on HP
1 Let H be the Hamilton's quaternionic number field R + iR + jR + kR . Then H 2 is isomorphic to the right C-module C 4 under the identification of H with C 2 ( ∼ = C+jC). Let p be the projection from C 4 \{0} ∼ = H 2 \{0} to HP 1 . In this section, we consider real q-vectors on HP 1 given by the push foreword of H * -invariant real q-vectors with holomorphic (q, 0)-parts on C 4 \{0}.
H
* -invariant real q-vectors on C 4
\{0}
Let V q be the space of H * -invariant real q-vectors with holomorphic (q, 0)-parts on C 4 \{0} :
The right action of j on C 4 \{0} induces the map j :
for (z 0 , z 1 , z 2 , z 3 ) ∈ C 4 \{0}. Let l ′ denote the complex vector field on C 4 \{0} generated by exp(tj) for t ∈ R. Then we have
Any C * -invariant real q-vector on C 4 \{0} is H * -invariant if and only if it is preserved by l ′ . Hence, the space V q is written by
where L l ′ v means the Lie derivative of v by l ′ . We also define V q by the space of real q-vectors on HP 1 induced by elements of V q :
The real and imaginary parts of l and l ′ span the real 4-dimensional vector space. Then the intersection of the space and V 1 is the 1-dimensional vector space generated by l +l. Thus the space l +l R is the kernel of the push foreword by p, and V 1 is identified with the the quotient space V 1 / l +l R . Moreover, there exists an isomorphism
where the right hand side is the quotient space of V q divided by V q−1 ∧ l +l R .
1-vectors on HP 1
We consider the space V 1 of H * -invariant real 1-vectors on C 4 \{0}, whose (1, 0)-parts are holomorphic. The space of C * -invariant real 1-vectors on C 4 \{0} with holomorphic (1, 0)-parts is
Let ϕ be the mapping (0, 1, 2, 3)
Thus the space V 1 is written by
We can consider the coefficients a ij as the matrix (a ij ) of gl(4, C) under the correspondence
Let GL(2, H) be the general linear group of H 2 . Then the Lie algebra gl(2, H) of GL(2, H) is identified with the subspace of gl(4, C) by the map a 00 + jb 00 a 01 + jb 01 a 10 + jb 10 a 11
for (a kl + jb kl ) ∈ gl(2, H). Conversely, an element (a ij ) of gl(4, C) is in the image of gl(2, H) by the map (5) if a ij satisfies the equation (4) . Hence, we obtain
Since the real 1-vector l +l corresponds to the unit matrix E ∈ gl(2, H), we also have
2-vectors on HP 1
We consider the space V 2 of H * -invariant real 2-vectors on C 4 \{0} with holomorphic (2, 0)-parts. We take a C * -invariant real 2-vector w on C 4 \{0} given by
We recall that the coefficients a ijkl define the element (a ijkl ) of
The space of elements of
∨ satisfying the condition (6) is the tensor space S 2 ⊗ ∧ 2 (gl(2, H) ⊗ gl(2, H)). Hence, by the correspondence
we obtain the isomorphism
It yields that
In the case of q = 3, we can find that the space V 3 is identified with the tensor space S 3 ⊗ ∧ 3 (⊗ 3 gl(2, H)) :
Then we also have the isomorphism
We will see that the space V q is identified with a real form of the space induced by C * -invariant holomorphic q-vectors on C 4 \{0} in §4.5.
C
* -invariant holomorphic q-vectors on C 4
\{0}
Let W q be the space of C * -invariant holomorphic q-vectors on C 4 \{0} :
We define W q as the space of the push foreword of elements of W q by the projection π : C 4 \{0} → CP 3 :
Then the space W q is isomorphic to the quotient space
We recall that there exist isomorphisms
4.5 The real structures on W q and W q
We define the map Φ :
for any u ∈ Γ(T C C 4 \{0}). Then the map Φ is anti-C-linear and preserves the inner product given by the standard Riemannian metric on C 4 . Since Φ 2 (u) = u for any C * -invariant holomorphic 1-vector u on C 4 \{0}, the map Φ defines the real structure on the space W 1 of C * -invariant holomorphic 1-vectors on C 4 \{0}. We denote by W 
for v ∈ V q . Under the identification of W q with S q C 4 ⊗ ∧ q (C 4 ) ∨ , the real structure Φ can be written by Φ(a i 1 i 2 ···i 2q−1 i 2q ) = (−1)
It follows from Φ(l) = l that Φ preserves the complex vector space l C . Hence, Φ provides the real structure on the space W q ∼ = W q / W q−1 ∧ l C . We denote by Φ the real structure on W q , again. Then, we regard the space V q as the real form W Re q of W q since
where the second isomorphism is given by the map (7). 
The Schouten bracket on HP
. It means that [u, v] Sch is the element of V 3 . Hence, the Schouten bracket induces the map from V 2 × V 2 to V 3 . Moreover, since dp[u, v] Sch = [dp(u), dp(v)] Sch for u, v ∈ V 2 , it induces the map from 
and it is the real form of the space of holomorphic Poisson structures on CP 3 .
The space has the R * -action induced by the C * -action on the space of holomorphic Poisson structures on CP 3 . The quadratic polynomial F (a, a) has real coefficients. Hence, we obtain 
Examples of Poisson structures on HP
1
In order to check that dp(w) is a non-zero 2-vector on HP 1 , we represent 1-vectors by using the local coordinate of HP 1 provide coordinate on V 0 and V 1 , respectively. We can write h 0 = (z 0 , z 1 ) and h 1 = (z 2 , z 3 ) by using the complex coordinate (z 0 , z 1 , z 2 , z 3 ) of C 4 \{0}. On the local coordinate (V 0 , s 0 ), if we denote the inhomogeneous coordinate s 0 by t 0 + jt 1 , then we have dp( ∂ ∂z 0 ) = −t 0 ∂ ∂t 0 − t 1 ∂ ∂t 1 , dp( ∂ ∂z 1 ) =t 1 ∂ ∂t 0 −t 0 ∂ ∂t 1 , dp( ∂ ∂z 2 ) = ∂ ∂t 0 , dp( ∂ ∂z 3 ) = ∂ ∂t 1 at z 0 = 1, z 1 = 0, z 2 = t 0 , z 3 = t 1 . Similarly, on V 1 with the coordinate s 1 = t 0 + jt 1 , we also have dp( ∂ ∂z 0 ) = ∂ ∂t 0 , dp( ∂ ∂z 1 ) = ∂ ∂t 1 , dp( ∂ ∂z 2 ) = −t 0 ∂ ∂t 0 − t 1 ∂ ∂t 1 , dp( ∂ ∂z 3 ) =t 1 ∂ ∂t 0 −t 0 ∂ ∂t 1 at z 0 = t 0 , z 1 = t 1 , z 2 = 1, z 3 = 0. Let u and v be two complex 1-vectors on C 4 \{0}. If u +ū and v +v are H * -invariant, then the Schouten bracket of the real 2-vector dp(u+ū)∧dp(v +v) on HP 1 is given by 2dp([u, v] + [u, v]) ∧ (u +ū) ∧ (v +v)). It implies that dp(u +ū) ∧ dp(v +v) defines a Poisson structure in the case of [u, v] = 0. In general, if we take n 1-vectors v 1 , . . . , v n on C 4 \{0} such that [v i , v j ] = 0 for i, j = 1, . . . , n, then a real 2-vector i<j a ij dp(v i +v i ) ∧ dp(v j +v j ) is a Poisson structure for a constant a ij ∈ R by the similar argument of CP 3 . We provide examples of Poisson structures of such type. 
We can also check that each push foreword dp((v 1 +v 1 ) ∧ (v 2 +v 2 )), dp((v 1 +v 1 ) ∧ (v 3 +v 3 )), dp((v 2 +v 2 ) ∧ (v 3 +v 3 )) is a non-zero 2-vector on HP 1 by using the local coordinate V 0 . Hence we obtain a family of Poisson structures a 1 dp((v 1 +v 1 ) ∧ (v 2 +v 2 )) + a 2 dp((v 1 +v 1 ) ∧ (v 3 +v 3 )) + a 3 dp((v 2 +v 2 ) ∧ (v 3 +v 3 )) for a 1 , a 2 , a 3 ∈ R.
In the section 3.5, we consider a holomorphic 1-form ω on C 4 \{0} associated with a holomorphic foliation of degree 2 on CP 3 . The form ω induces the 2-vector w
